ON SOME QUADRATIC AND HIGHER DEGREE
~© RATIO AND PRODUCT ESTIMATORS

By
P. C. Gupra*
University of Rajasthan, Jaipur
(Received : September, 1975)

1. INTRODUCTION

It is a well known result that the ratio estimates are the best
among a wide class of estimates when the relation between y; and x;,
the character under study and the auxiliary character respectively, is
a straight line through-origin and the variance of y; about this line
is proportional to x; (Cochran [1]). In many practical situations the
regression line does not pass through origin. Considering this fact
Srivastava [2] suggested a ratio type estimator which will be more
efficient than the conventional ratio estimate in some situations. His
estimate, however, requires a prior knowledge of pcy/cs and it is
equivalent to linear regression estimate if pcy’c, is knownin advance.

In this paper an attempt has been made to study the nature of
ratio and ' product estimates if they are 1epresented by a polynomial
in (Xnf#s) and (%,/Xn) respectively. It has been studied, that the
proposed estimates though require a prior knowledge of pey/cs are
superior to conventional ratio and product estimator respectively, as
long as the difference between the optimum weight and the chosen
weight do not exceed | I—pcy/cz | . In optimum case they are
equivalent to linear regression estimate,

2. SAMPLING PRCCEDURE AND THE ESTIMATE

We select a sample of size ‘n’ out of N by simple random samp-
ling without replacement and study variates (y,, x;), i=1, 2,..., N;
¥; and x, are the values of the character under study. Y and the
auxiliary variables X, which is highly correlated to Y, for ith unit,
resgectively. Further the total information on X is also available.
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be the sample means for ¥ and X respectively. We propose the
following estimate for the population mean of ¥

P = a7 u(ZnfFn)+ (1 —a)7n (XnfE? @)

“where ‘@’ is chosen so that the variance of ¥ 1’: is minimum.
It is evident that the conventional ratio estimate
TR: (V’llin) XN

is a particular case of 7 % if a=1. ' ..(3)

3. THE Blas AND THE VARIANCE OF THE Y},

The bias and the variance of the proposed estimate ¥y will be

obtained as discussed by Sukhatme [3). The expression for the bias
and the variance are approxnnately given as follows :

Bias(i?;; )=T~(%——lﬁ)[( & - q‘zq)'-f—(l.;-q)(Zci ~2¢a) | @
SRS S e
( & — deat-4c} )_—-{-2a(l—a;)' (ci ~3c,,+ 2] )] (5

where ¢z, cy, Ciy represent the coefficients of variations. The optimum

value of a; which is obtained By minimising the V(;;) , is given by

a“==2—p — : ...(6)
The bias and the variance of the propoced estmwate under (6) are
given by _
. = (1 1
Bias = —¥n — (pcy—c)? (7

N Y I ]
opt. V(yR)=T§,<T—~—N—) 03 (1—9% «..(8)

where p is the population correlation coefficient between character X
and Y.
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4. COMPARISON OF ¥ ; WITH CONVENTIONAL RATIO AND LINFAR

REGRESSION ESTIMATE

. The variance of the usual ratio estimate can be obtained by
putting a=1 in (5). Thus

V(%‘R)=1712v(%—%)( 02—20,1,—}—0: ) . (9)

It is evident that f'; with optimum weight o* given in (6) is
always superior to conventional ratio estimate as the variance of the
former is always less than the latter and is equal to the variance of
the linear regression estimator. We shall, however, examine the case
when we do not use optimum weight a* as it requires a prior know-
ledge of pcy/c; which is usually not known in advance. If a good
guess of this quantity can be obtained from past experience, the
proposed estimate can be used more efficiently. Consider

V(%;)—V(%R )=(1—a) 17;";(—1”—— %v—)[( 3c? —Zcm,)—‘aci].‘.(IO)

‘ ‘ 302 —‘QCmg
and it will be always negative if ‘a’ lies between 1 and —
. c
@

which suggests that the proposed estimate will always have a smailer
variance than conventional ratio estimate as long as

[

(1)

| a—a* | <’1—p—"—"
Cg

This difference between ‘@’ and its optimum value provide quite a
good range for its choice as 0 < a < 1.

5, HiGHER DEGREC POLYNOMIALS IN (Xn/%,)

In this section we shall sfudy the efficiency of higher degree
poiynomial in (Xw/%,). Let the estimate.for the population mean be
given by

%% —g. [ay (Xnf%)+az (Xufin?+ag (Rafin)?]  (12)

where «1+a,-+as=1 and the constant @’s are so chosen that V(27 ;;‘)

is minimum. . ! ...(13)
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The bias and. the variance of ¥ ;i* to first degree approximation
. i - [ 1 1 2 2
Bias (1/'**)=yN( T —) [( cx —cw) k—(az-i—aa) Cz.,+cx
(2a2+5a3):’ ..(14)
2 w1 1 2 2y, 2(.2
e \_ye{ - _ — —
‘V( ) ¥ ( )[( ¢y THatey ) ta, ( T
. 2 2
2Cmy) +a§ ( Scx _4ca'y)+201 az( ¢, —Ca )+2al as
2 2 7
(26 —26n)+ 20 as( 562 “3em )] 09
) The optimum values of ; (i=1, 2, 3) are obtained by minimising
(15) subjected to (13) as a solution of the following system of linear

equations ; -

o+ . az+ as=17"

5 2 ©...(16)
( ¢, Con )a1+<3cx —2C,y )az—i-( 5c)26 —3cyy ) a;,=j/2

. 5 D 2
2( €, —Ca )a1+( 5S¢, —3ca )a2+4( 2¢, _Ca.y) aa=7\/2J
“where 2 is the Langrange’s multipler.
It can be seen that no unique solution exist as thése equations
do not have full rank and as such infinite number of optimum set of

solutions for {a,} exist. - Let us consider one of them by putting
a,=ag, we have t .

2 X 2
* —
a = ( Scx 20y )/Scx

o 2N\,2 -~
a; =a; =_( Cay—C,, ){3626 -.(17D
Substituting these opt {a;} in (14) and (15) we get,
A7 e 2 2
. T** _
mis R)_Aerd) g To(+ =) ()
' o Cay "“\n TN
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which is same as the optimum variance of ¥ }k{ or that of the linear

regression estimator. This result suggests that to first degree
approximation we cannot improve the ratio estimates beyond the
linear regression estimate even if we take third degree polynomial in
(Xn/%s). Further it may be stated that for the known value of Bye,
viz., population regression coeflicient of ¥ and X, the linear regression
estimate is unbiased.

6. DousLE SAMPLING ESTIMATES

When the detailed information on the auxiliary character is not
known, it is often obtained on a large but relatively cheaper sample
and this procedure is the usual double sampling. We shall consider
both the cases (i) when the second sample is a sub-sample from the
preliminary large sample, (ii) when the second sample is not the sub-
sample from the first.

Case (i) When Second Phase Sample is a Sub-Sample From First
Phase Sample
We propose the following double sampling estimate

7 ¥ —m 2
T;D=a;’;- Fa'+(1—a) ¥n (é‘—) .(20)

n
where a is chosen so that variance of 7 ;D is minimum. Neglecting

the terms of order 1/N, the bias and the variance of (20) to first
degree approximation is given by

(e - 1 2
Bias (T;D =r~[ (1_a)(7— = ) ( 32—t )

+a (’11—— ’17)( ci oy ):] ..(21)

+2a (1—a) ( ci —Cap )] ..(22)

The optimum value of ‘@’ which is obtained by minimising (22)
comes out to be same as given in (6). The optimum variance of (20)
can be obtained as
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/N
7 —2 1 2 2
optV{ I'* )—- = =\l ¢& —2¢ c
p ( RD N n n/ . y CW+ x

2
. C :
. _ 2 1 1 ‘ LN .

which is same as'the variance of conventional double. sampling linear
regression estimate. Hence with the prior knowledge of - pey/c, the .
proposed estimate is always superior to double samphng ratio
estimate. o : i

(ii) When Second Phase SampIe is Not a Sub Sample From the
First Phase Sample . '

When 7 is drawn independently of 1’ the blas and the variance
of the proposed estimate-in (20) i$ given as follows :

2
c

e o ( ci i : x
- 3032c “ic&y)
+ —— ...(24)
) 2 2 2
L . . —=2eyzt e c
A =2 ( Gy TG x ) 72
x ) _ -
V( RD)I TN " n - n +a a)zyN

3ci —2Czy .'302: : 5
-+ |20l

n n

- o 2
o —Cxy Cx
| ( " 4+ p ) ...(25)

The optimum ‘a’ in this case is obtained by minimising (25). Thus

%"

n ¢ :
4 af=.( 2— n-{-n" ) é) ...(26)

and the optimum variance of (20) is obtained by substituting value
of opt. a from (26) in (25)

w 2 o -
" opt. V( )—-ANnc-y;(l— . o) (27)
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A

7. CoMpARISON OF ¥ ;D WITH VARIOUS ESTIMATES

We know that variance of double sampling linear regression
estimate with independent samples.

72

(e ()

Consider V( (z,r)I—V(7‘ ) =

4

22X Vo2 (29

—n—l-n_'
which is always positive and hence the proposed estimate is superior

even to double sampling linear regression estimate which is always
superior to double sampling ratio estimate.

(n+n e )
72
N
nl

Comparison of ¥y, with Double Sampling' Ratio Estimate

The variance of the double sampling ratio estimate when the

second sample is not a sub-sample from the first can be obtained by
putting a=1 in (25)

A 5 c}2) —2cm,+c§ ci
4 (TRD)I‘:’TN T, T + p ...(30)

Consider

2

A ~ 3036 —2¢4y 3cx
4 (y;D)I_V(TRD)I::(I'—a) (1—a) n +—

‘ c2 —¢ 02 :
x x ..(3D)
+2a( n + e )}

which will be always negative if

2nl @_ .

Thus the proposed estimate will be superlor to conventional
double sampling estimate if

—g* __n "‘L> - ‘
fo—a |<|(1 i | -.(33)
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Comparison with Mean Per Unit for a Given Cost
We shall consider the following cost function
Ce= n01+(n+n) ez o (34)

where ¢ is the total cost, ¢; and ¢a are cost of evaluatmg a single
unit for character Y and X respectlvely. We have

. Fx e ' - 5
opt. var( ) 1y 2 b +n _ (35)
where C : .
C 2 2 e w2 2,
vl—TN cy (1—p2) and va—TN cy p2.
* The minimum of (35) subjected to (34) is given by
, TIZV 02_ (V ".;(1—-92) 1 +~/ Cy 92 )2 ,'...(36)

If all 'the resources are d1verted towards study of character Y
only we have

c=n*.c1, where n* is opt:sample size and

72 2
S TN c.. . o .
opt V( .)sd'nale ——c‘l‘ e ..(37)

Hence the proposed double sampling estimate is more efficient
than mean per unit if (37)—(36) is positive i.e.,
cderea S ST
2 > ; ...(38
s > (c1+-c2)? ' 38)
8. ProDUCT ESTIMATES
_'The theory developed in all the previous sections can also be
developed - for correspondmg quadratic and “higher degree product
estimates. Hero we.shall consider the following estimate, its appli-
cation in double sampling will exactly be on similar lines as discussed
in sections 6 and 7.

Pea(® oo (2) .6

¢

where the weight ‘@’ is chosen so that V( ¥, ) is minimum.

The variance-and the Bias of the estimate to first degree appro-
Ximation are given as follows, :

Bias ( T; ) =Ty (711—— ——lﬁ) coy+(1—a) ( c: +ca,y)...(40)
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Var ( T:):T:,(—rlz——%) a? ( ;6_‘2 +2c,,m+ci)
t(1-ap. (o4 +4cwy)+2a(1—a')(cj + 3cgy 262 ) ..(41)
The opt. value of ‘@’ is obtained by minimising (41) and is given by
é*=2+pg— , (42)

The optimum variance of the estimate is obtained by substituting the
opt. value of ‘@’ from (42) in (41) and it comes out to be same as (8)
which is same as the variance of linear regression estimator.

It is obvious that in the optimum case the proposed estimate is
superior to conventional product estimate and it will continue to be

superior if '
/(i) v(1y)>0
saf1 1
or T2 (7“7\7) (1—a) [( 3¢ + 20 ) (1—a)

+2a( c:—i— cw)] <0

i.e.

3(,': + QCwy

a<<

~

2

¢y

Hence the suggested estimate will be superior to conventional product
estimate as long as

- la—a* | < | 1—p2 |
Cx

which is same as obtained in section 4.

It can now easily be seen that we shall not be able to improve,
to first degree approximation even if we consider higher degree
product estimates with the same reasoning as discussed in section 5.

SUMMARY

Some ratio and product type estimators involving higher
powers of (Xn/%s) and (¥./Xw) respectively are suggested. In the
optimum case they are as efficient as the linear regression estimator.
Further they will be superior to corresponding ratio and product
estimates if the difference between weights taken and optimum weights
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does not'exceed | l—pf_—’-—l . It has been further studied that in
T

double sampling case the proposed estimates are even superior to
double sampling linear regression estimate in their optimum cases
provided second sample is drawn independently of the first. They
have been also compared with mean per unit taking suitable linear

cost function.
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